
General Analysis PhD Qualify EX<1m. IVlarch 4, 20 11 

(E: easy, M:mod{~rate , D:difficult) 
The following general measure space is denoted by (X,9J1,11,). 

l. 	(E , 10%) The Cantor set C = [0, 1]\[0 , ~)U(~, ~)U(t , ~)U'· .] . Explain 
tha the Cantor set C is a measure 7,ero Borel set and the cardinal 
number ICI = IRI is uncountable. 

2. 	 (E 1 rt) Sta e Holder's and Minkowski's illequalit ies. Prove one of them. 

3. 	(M, 15%) (a ) et X oj=. 0, £ be a collection of ::;ub::;ets of X and 9J1(£) be 
the (T-alg bra gen rated b,\' £. Give a sufficient cO!l(j ition on £ such that 
an a Idi ive set func t ion on it can uniquciy extend a measure on 9J1(£) , 
(b) For example, let X = {a, b, c, d} be a four-d ement set, kt £ = 
{{a,b},{b ,c}}, then 9J1(£) =? Give two m()asures J.L oj=. v on 9J1(£) but 
J.L(E) = v(E), for all E E £ and J.L(X ) = v(X) < 00, 

4. 	 (l\lI, 20%, 2008 ,2) Suppose that {In}nEN is a sequence of functions in 
Ll(J.L) , convergillg almost. evcrywh re t.o an Ll (J.L) fun ct ion f. Suppose 
also that lilll n~ 11.f~, III = IIfill, 
(a) 	Prov('~ t ha t for every measurable set A, limn~ fA Ifni dJ.L = fA IfIdJ.L. 
(b) 	Prove that lim'Hoo Ilfn - fill = O. 

5. 	 (M , 10%, 2004,9) If p > 0 and J~ If - j~,IP ell}' --t 0 as n --t 00, show that 
{f~} conve'g s in rne(lsure on X to f. 

6. 	 (1\11 , 15%, 2006, 2) Let (X , 9J1 , J.L) be a CT-f1nite rneasure space. Suppa 
that v b(~ a finite measure defined on 9J1 such that v is absolutely con
tinuous with respec to J.L. Let 9 be the Raelon-Nikodym dcriva tiv of v 
with respect to J.L. P rove t.hat fx I dv = J~ I.q dJ.L. 

7. 	(1'1'1 , 15%) Let H be a Hilhe'd space, awl let M be a non-trivial closed 
subspace of H. i.e. M oj=. {O}. Let P.Vi be the orthogona l projectlOll of H 
onto l\1I , i.e . for [lilY x E H, we have P,\1:c E J\1 and x - P 1'v!x E 1\1[1. . YOll 

m ay assume wit hout proof tha PM is linear. Show tha t t he opcrhlor 
norlll IIPMl lop= I, P'/.1= PMand PA-f = PAI! - (i. e. r t hogonaJ projection::) 
a re iiI ear i lempotent self-HcljoillL contractions) 


