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advanced calculus 

1. Let f(.T) = (J,t sin x + (/2 Sill 2:1; + ... + an Sill nx, where 0,1,' .. ,U II arc reallllllIlbers 

alld II is a positive integer. Given that If(:r)1 ::; Isin :!:1 fO! <l 11n:al J:, prove that 

(15 point 

2. If ao, ([1, . , CL IL are real numbers sat isfying 

!!ll. +2:.L ,,·+ ~ =0 
1 2 n ...... 1 ' 

show that l.he eqlH.ttioll 00 + a 1:1': + 02:1: 
2 + ... + an:!:"' = 0 ha,s at lea.st Olle real zero . 

(15 points) 

3. bcfi.uc a function f by 

f(:r) = {x. sin(I/.'z:), 
0, x = O. 

Prove or di:;;jJlOve that f is Lipschitz COlltiIlllOllS 011 JR . (15 points) 

(A (Illle! iOll f is Lipschitz cOllLinuous on IR if t here is it COllstant L such that 


If(x) - f(y)1 ::; LIT - yl for all :1:, y E If{.) 

4. Let f : lR ---+ IR. be diffcn~lltial and 1f'(x)1 ::; (' < 1 on R Assume that f(O) > O. 
Show that there exists a solution i: > 0 to the equatioll f(x) = :1: . (15 points) 

5. Let f E C[U, 1] cUlt! f(O) = O. Show t ha.t 

.j 

lim f f(xll)d:r = O. 
11 - 00 Jo 

(20 points) 

6. COllsider thc pair of equations 

:r'2 + 7/ + (z - 1)2 = 4, 
{ -:1: 2 - y + 2 2 = l. 

(8) Is there a curvc of in tersectioll through (0, 0, ~ 1)? (10 pOillLs) 
(b) Is t.here a curve of intersectioll through (V3, 0, 2)7 (10 poillts) 
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Linear Algebra 


Read carefully the definitions and terminology given in the following section 

. before you work on any of the problems. 

Work out all of the problems and show details of your works. 

Definitions and Terminology. In what follows, we fix F for a field and V for a vector 

space over F . The field of real numbers is denoted by IR and the field of complex numbers is 

denoted by C The set of all positive integers is denoted by tN. Let L(V, V) be the set of all 

linear transformations from V to V, and let M(n, F) be the set of all 11 x 11 matrices, where 

11 is a positive integer. _ 

We call a Ilinear transformation f E L (V, V) nilpotent if there exists some n E tN such 

thatr (v) = 0 for aU v E V, and we calli I cyclic if there exists some v E V such that V is 

spanned by v, f(v), f2(v), ... , .r-I(v). A subspace W of V is called cyclic with respect to 

I ifit is spanned by wo, I(wo), 1 2 (wo), ... , /11-1 (wo) for some Wo E W. 

[24%J 1. (a) 	 Let CCOO(IR) denote the vector space of all real valued functions on IR which has 

derivatives of every order. Consider the differential operator (a linear transforma­

tion) D : yj'OO(IR) ---+ <bJOO(IR) given by 

D(y) = y<1I) + (l1I-ly(II-I) + ... + alY' + GoY , 

where ao, a I, ... , all_1 E IR. Show that e AX lies in the kernel of D if and only if A. 

is a root of the polynomial 

n-I
pt( 	 ) =t

II 
+an-It +···+alt+ao. 

(b) 	 Find two linearly independent solutions to the homogeneous differential equation 

y" - 5y' + 4y 	= O. 

(You have to show that they are indeed linearly independent.) 

[36%] 2. (a) 	 Let v I . V2, ... , Vn be a basis of V and let TEL (V, V). Prove that T is nil potent 

if and only if there exist positive integers r I . r2, ... , rn such that T r j (Vj) = 0 for 

j=1,2 .... ,n. 

(b) 	 Let TEL (v, V) be nilpotent, and W a one-dimensional subspace of V. Show 

that W is cyclic with respect to T if and only if W lies in the kernel of T. 

(c) 	 Let T E L( V, V) be cyclic. Show that for U E L(V, V), T U = U T if and only 

if U = geT) for some polynomial g(x) E F[x]. 

[20% ] 3. 	 Let T E L(V, V). Prove that there exists a nonzero linear transformation S E L(V, V) 

such that T S = 0 if and only if there exists a nonzero vector v E V sLlch that T (v) = o. 

[20%] 4. 	 Let n ~ 2 and let A, B E M(n , <C) be such that AB = BA . Show that A and B has a 

common eIgenvector. 
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Real Analysis PhD Entrance Exam 	 May 11,2010 

Work out all ,problems. II 	 II 

I. 	(6 points) Let Er and E2 be two subsets of JRIl such that Er C E2 and E2 \ Er is countable. 
Show that 

2. 	 (6 points) Find a set E C JR with outer measure zero and a function.r : E -1 JR s llch that 
1 is continuous on E and l(E) = [0,1]. 

3. 	 (8 points) Give an example of a sequence of measurable functions {ld defined on a 
measmable setE C JRIl such that the foHowing strict inequalities hold: 

f liminffk dx < liminf f)k dx < limsup f lk dx < f, limsuplk dx . 
.JE 	 k---'t= k---'t oo .IE k-,oo .JE .1£: k---'too 

4. 	 (10 points) Suppose E is a Lebesgue measurable subset of JR with lEI < 00. 
Prove that 

lEI 	= sup{lKI: K C Eand Kis compact}. 

5. 	 (10 points) Let 1 : E -1 JR U{±oo} be a nonnegative measurable function such that j~c' 1 < 00. 
Show that for any E > 0 there ex ists 8 > 0 such that for any measurable subset Ere E with 

IE I I < 8 we have lEI 1 < E. 

6. 	 (10 points) Let.fk be a sequence of nonnegative measurable functions defined on E . If 

lim fk = 1 and .fk :::; 1 a.e. on E. Show that lim f fk = f f. 
k---'t oo 	 k-,oo.1t: .ft: 

http:k-,oo.1t


Geometry 	 PhD Entrance Exam May 11, 2010 

(1) (6 points) 	Show that any closed subspace of a compact space is compact. 

(2) 	 (6 points) Let 0': ~ ----+ ~3 be the smooth curve given by 


.. _ 1 ( ~ . ~)
a(8)- V2 8, v1+8~,log(8+v1+8~) . 

Here log meaus natural logarithm. Show that Cl' is Iluit speed, and comI11lte its 

curvature and torsion. You may usc the following calcllills formlllas: 

d~ 8 d ( ~ 1 - 1 +.'i = ----=== - log 8 + V 1 + OiL.) = .. 
(,8I ~' d8 	 ~vI + 8~ 

(3) (G points) 	Let S' C ~3 be the set 

S' = { (x, y, z) I y2 = :rz and y > ()}. 

Show that S' is a regular surface. 

(4) 	 (6 points) Describe the region of the unit sphere covered by the image of thc 

Gaus, map of the paraboloid of revolution z = x 2 + y2. 

(5) 	 Consider the Enneper's surface 

u 3 2 	 v 3 ') 2 2 )
x(u,v) = ( 

U -	 - + 'l1.V V - - + vu~ u - v 
3 ' 3 ' 


and show that 


(a) (2 points) 	The coefficients of the first fundamental form are 

(b) 	 (2 points) The coefficients of the second fundamental form are 

e = 2, .9 = -2., f = O. 

(c) 	 (4 points) Tlw principal curvatures are 

2 
kl = ( 2 2)2 ' 1 +u +v 

(d ) (4 points) 	The lines of curvature are the coordinate curves. 

(e) (4 points) T lw asymptotic curves are u + v = constaut, U - v = constimt. 

(6) (10 	points) Let S' C ~:l be a regular, compact, ori(mtable surface which is not 

homeolllorphic to a sphere. Prove that there are points on S' where the Gaussian 

curvature is positive, negative, and zero. 



Algebra 


Work out all of the problems and show details of your works. 

Notation. fZ is the ring of integers. 0, lR, and ([ are the fields of rational numbers, real 

numbers, and complex numbers, respectively. 

[8%] 1. 	 Let G be a finite group acting on a set S. Let S E S be fixed and denote Gs = {g E G I 

g·s = s}, the isotropy group ofs. Show that the order of the orbit Gs = {g·s I g E Gl 

is equal to the index [G : Gsl of the subgroup Gs in G. 

[12%] 2. (a) 	 Let If be a finite extension field of the field F, and K a finite extension field of E. 

Show that [K : Fl = [K : E]· [E : F]. 

(b) 	 Let E be an extension field of the field F, and let a, f3 E E be algebraic over F. 

Are a + f3 and af3 algebraic over F? Why or why not? 

(c) 	 Show that O(h. j3) = O(h + j3). 

[8%] 3. 	 Let G be a group and let End G be the set of all homomorphisms from G to G with 

additive and mu'ltiplicative binary operations on End G defined as follows: 

(j + g)(a) = 	j(a)g(a), and j . g(a) = f(g(a)), 

for any j, g E End G and a E G. Show that End G is a ring if and only if G is abelian. 

[12%] 4. (a) 	 Let R a ring and a E R. Let I be the ideal generated bya. What is a typical 

element in l? 

(b) 	 Show that in 0 [x] every ideaJ is generated by a single elemen t. 

[10%] 5. 	 LetR = {a+bi I a,b E lRJ,asubringof([,wherei is the element satisfing i 2 =-l. 

Let M be an lR-module. Prove that M is an R-module if and only if there exists an 

lR-homomorph ism cp : M ~ M such that cp2(X) = -x for all x EM. 
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