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1. 	 (10 points) Prove that the geometric series 

fx k = 1 
k=O 1 x 

converges uniformly on any closed interval [a, bj c (-I, 1). 

2. (8 points) Prove that the volume bounded by the ellipsoid 

x2 y2 
a2 + b2 + r? = 1 

is 47rabc/3. 

3. 	 (8 points) Suppose that {EO'} O'EA is a collection of connected sets in a Euclidean space Rn such 

that nO'EA EO' =J <p. Prove that E = UO'EA EO' is connected. 

4. 	 (8 points) Let E be a non-empty compact subset of Rn. Prove that if f is continuous on E, then f 

is uniformly continuous on E. 

5. 	 (8 points) Given non-zero numbers xo, Yo, Uo, Vo, So, to that satisfy the simultaneous equations: 

u2 + sx + ty = 0, 

v2 + tx + sy = 0, 

2S2x + 2t2y - 1 0, 

S2x - t 2 y = 0, 

please prove that there exist functions u{x, y), vex, y), sex, y), t(x, y) and an open ball B containing 

(xo, Yo) such that u, v, s, t are continuously differentiable and satisfy the above system on B such 

that u(xo, Yo) uo, v(xo, Yo) = Vo, s(xo, Yo) = So, t{xo, Yo) to. 

6. 	 (8 points) Please prove that 
A . 

lim r sm x dx = :..A-oo 10 x 2 


(Hint: -1 = loo e-xtdt, x > 0.) 
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(1) [lOpts] Let 	A be a 3 x 3 complex matrix satisfying A3 A2. Classify all such A's up 
to similarity. 

(2) [10pts] Let V be a finite-dimensional vector space over <C. Let A : V V be a linear 
transformation. Prove that A is diagonalizable if and only if the minimal polynomial 
of A has no multiple root. 

(3) Let 9 be a 2 x 2 invertible complex matrix. Let V = AI2x2(<C) be the vector space of 
2 x 2 complex matrices. Let f : V V be the linear transformation f(A) gAg~l. 

(a) [5pts] Suppose the eigenvalues of 9 are a and b with a =I- b. Compute the 
eigenvalues of f. 

(b) [5pts] Suppose 

Compute the eigenvalues of f. 
(4) Let A, B be complex 2 x 2 matrices such that 

det(A) = det(B) 1. 

(a) [5pts] Prove 

tr(AB) + tr(AB~I) = 2tr(A) tr(B). 

(b) [5pts] Prove 

tr(ABA ~I B~l) = tr(A)2 + tr(B)2 + tr(AB)2 tr(A) tr(B) tr(AB) - 2. 

(5) Let 	P = {f E IR[x] : deg(f) ::; n}, P is the vector space of real polynomials of 
degrees less than or equal to n. 

(a) [5pts] Let 
df 

D : P -4 P, D(f) dx' 

Prove that D is a linear transformation on P. Compute the eigenvalues and the Jordan 
canonical form of D. 

(b) [5pts] Prove that 

(I, g) = 111 f(x)g(x)dx 

is an inner product on For n = 2, find an orthonormal basis and compute D*, the 
adjoint of D as defined in part (a). 
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1. Let An C ]R2 be the interior of the circle with radius 2 and center at (0,1 + 
Find limsuPnAn and liminfnAn. (10 points) 

(Recall that: limsuPnAn = n;;=l Ak and liminfnA n U~l n~nAk') 


2. Let J1 be a finite measure on the a-field F. If An E F, n 1,2· . " and An r A, 
show that Jl(A) limn -+oo Jl(An). (10 points) 

3. If JL(n) < 00, show that Ilfllp ~ IIflloo as p ~ 00. Give an example to show that 
this fails if JL(n) = 00. (10 points) 
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Answer all the problems. 

1. 	 (10 pts) Let X be a finite set and H a finite p-group. Suppose H acts on X. Show 
that 

IXI - IXol mod p, 


where Xo {x E XI gx x for all g E G}. 


2. 	 (10 pts) Let G be a group of order 12 such that G has no elements of order 6. Show 
that the Sylow 2-subgroup of G is normal in G. 

3. 	 (10 %) An ideal M of a ring R is called a maximal ideal if for any ideal J such that 
M c J c R, then J = M or J R. 

Let R be a commutative ring with identity. Show RjM is a field if and only if M 
is maximal. 

4. 	 (10 %) Let E and F be fields. 

(a) Show that any finite extension E over F is also an algebraic extension over F. 

(b) Let a and /3 be algebraic over F. Show that for any a, b E F, aa + b/3 is also 
algebraic over F. 

Note: E is a finite extension over F if dimF E < 00 and E is algebraic over F if 
for any a E E, there exists a non-zero polynomial f(x) over F such that f(a) = O. 

- The End 
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