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. (10 points) Prove that the geometric series
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converges uniformly on any closed interval [a,b] C {(—1,1).

. (8 points) Prove that the volume bounded by the ellipsoid
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is 4mabe/3.

. (8 points) Suppose that {F,}sca is a collection of connected sets in a Euclidean space R® such
that Naea Ea # ¢ Prove that £ = {J,c4 E, is connected.

. (8 points) Let E be a non-empty compact subset of R*. Prove that if f is continuous on E, then f

is uniformly continuous on E.

. {8 points) Given non-zero numbers zg, ¥, U, Vo, So, to that satisfy the simultaneous equations:

ut 4+ sz +ty=0,
v’ +tx + sy =0,
28z + 2y —1=0,
s’z — tly =0,
please prove that there exist functions u(z, y), v(z, ), s(z,y), t(z, y) and an open ball B containing

(z0,y0) such that u,v, s, are continuously differentiable and satisfy the above system on B such

that u(ZOa ?}0) = Ug, U(;BanO) = Vg, S(SC(), y(]) = 30, t(xﬁny(]) = t0~

. ( 8 points) Please prove that
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(Hint: 1 =/ e *dt, = >0.)
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(1) [10pts] Let A be a 3 x 3 complex matrix satisfying A% = A?. Classify all such A’s up
to similarity.

(2) [10pts] Let V' be a finite-dimensional vector space over C. Let A:V — V be a linear
transformation. Prove that A is diagonalizable if and only if the minimal polynomial
of A has no multiple root.

(3) Let g be a 2 x 2 invertible complex matrix. Let V = Ms,2(C) be the vector space of
2 x 2 complex matrices. Let f:V — V be the linear transformation f(A) = gAg~!.

(a) [5pts| Suppose the eigenvalues of ¢ are a and b with a # b. Compute the

eigenvalues of f.
(b) [5pts| Suppose
_la 1
9= 10 a|"
Compute the eigenvalues of f.
(4) Let A, B be complex 2 x 2 matrices such that
det(A) = det(B) = 1.
(a) [5pts] Prove
tr(AB) + tr(AB 1) = 2tr(A) tr(B).
(b) [5pts] Prove
tr(ABAT'B™) = tr(A)? + tr(B)? + tr(AB)? — tr(A) tr(B) tr(AB) — 2.

(5) Let P = {f € R|z] : deg(f) < n}, i.e P is the vector space of real polynomials of
degrees less than or equal to n.
(a) [5pts| Let
df
D:pP-— P D(f)zd—m—.
Prove that D is a linear transformation on P. Compute the eigenvalues and the Jordan
canonical form of D.
(b) [5pts] Prove that

(f,g) = ] f(@)aa)ds

is an inner product on P. For n = 2, find an orthonormal basis and compute D*, the
adjoint of D as defined in part (a).
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1. Let A, C R? be the interior of the circle with radius 2 and center at 0,1+ (-::ll)

Find limsup, A, and liminf, A,. (10 points)
(Recall that: limsup, A, = NS, U, Ay and liminf, A, = U2 N2 Ay)

2. Let p be a finite measure on the o-field 7. If 4, € F,n =1,2---, and A, T A,
show that p(A) = lim,_.,, u(A,). (10 points)

3. If u(2) < oo, show that || f|l, — |||l @s p — oco. Give an example to show that
this fails if u(2) = oo. (10 points)

4. Show that [ et Intdt = lim, o f]'[1 — (¢/n)]*Intdt. (10 points)
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Answer all the problems.

1.

10 pts) Let € a finite set an a hinite p-group. Suppose H acts on X. Show
0 Let X be a fini d H a fini S H X. Sh
that

lxl = IXOI mod b,

where Xy = {z € X| gz =z for all g € G}.

(10 pts) Let G be a group of order 12 such that G has no elements of order 6. Show
that the Sylow 2-subgroup of G is normal in G.

(10 %) An ideal M of a ring R is called a maximal ideal if for any ideal J such that
MCJCR, thenJ=MorJ=R.

Let R be a commutative ring with identity. Show R/M is a field if and only if M
is maximal.

(10 %) Let E and F be fields.

(a) Show that any finite extension E over F is also an algebraic extension over F.

(b) Let o and 3 be algebraic over F. Show that for any a,b € F, ao + b is also
algebraic over F.

Note: E is a finite extension over F if dimp E < oo and F is algebraic over F if
for any a € E, there exists a non-zero polynomial f(z) over F' such that f(a) = 0.

— The End —
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