
advanced calculus 

1. Define a function f by 

f(x) = {x · sin(1/x)~ 
0, X- 0. 

X# 0, 

Prove or disprove that .f is uniformly continuous on R (20 points) 

2. Let f be a smooth function on ( -1, 1) and f(x) = ~~=O anxn for x E ( -1,1). Let 
{ Xm} be a sequence with Xm # 0 for all m E f::l. Assume that { xm} converges to zero 
with f(xm) = 0. Show that f = 0 on (-1,1). (20 points) 

3. Let .f be continuous on [0, 1] and suppose that f(O) = 0. Prove that 

lim ( .f(xn) = 0. 
n-too lo 

(20 points) 

4. Evaluate JR" llxll 4 
· e-llxll

2 
dx. (20 points) 

5. Consider the inhomogeneous initial value problem 

{ 
y" (t) + w2 y(t) = q(t), 

y(O) = y' (0) = 0. 
(0.1) 

For each s::::; t, let z(t, s) be the solution of the homogeneous initial value problem 

{ 
zu + w2 z = 0, 

z(s,s) = 0, Zt(s,s) = q(s). 
(0.2) 

Show that 

u(t)·= it z(t, s)ds 

is the solution of (0.1). (20 points) 
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Notation 

• n: a positive integer 
• Mnxn(F): the set of all n x n matrices over the field F 
• lR: the field of all real numbers 
• C: the field of all complex numbers 
• A*: the conjugate transpose of the matrix A 

1. (10%) Let V be a 2013-dimensional real vector space, and let W be a 13-dimensional 
subspace of V. Show that there exist linear functionals T1, ... , T:iooo on V such that 
W = N(T1)n- · -nN(T2000). (Here N(Ti) denotes the null space ofTi fori= 1, ... , 2000.) 

2. (12%) Show that if A is a 3 x 3 real matrix, then A is similar to 

0 0) 
,\ 0 ' 
0 ,\ 

for some .\, J.L, v E JR. 

(
0 ,\ 0) 
1 J.L 0 ' 
0 0 v 

or 
(

0 0 ,\) 
1 0 J.L 
0 1 v 

3. (12%) Let A be a 6 x 6 complex matrix such that A3 = 0. Find all possible Jordan 
canonical forms of A. 

4. (10%) Let G be the multiplicative group of all invertible n x n complex matrices. Show 
that every element of finite order in G is diagonalizable. 

5. (12%) Suppose Tis a diagonalizable linear operator on a finite-dimensional real vector 
space V and W is aT-invariant subspace of V. Let .\1, ... , ,\k be all distinct eigenvalues 

k 

ofT, and let W.>.i ={wE WjT(w) = ,\iw} for all i. Show that W = E]jw.>.i· 
i=l 

6. (12%) Suppose N E Mnxn(C) is normal, i.e., N* N = N N*. Show that N is self-adjoint 
if and only if all eigenvalues of N are real. 

7. Let (A, B) be the trace of AB* for all A, B E Mnxn(C). 

(a) (10%) Show that (·, ·) is an inner product on Mnxn(C). 

(b) (10%) Let P E Mnxn(C) be invertible, and let T be the linear operator on 
Mnxn(C) defined by T(A) = p-l AP. Find the adjoint ofT with respect to 
the inner product (·, ·). 

8. (12%) Let U(n) be the set of all n x n unitary (complex) matrices, and let u(n) be the 
set of all n x n complex matrices A with A* = -A. There is a well-defined function 
e: u(n)--+ U(n) given by 

00 1 
e(A) =I: k! Ak. 

k=O 

Show that e is surjective. 


