
lOO.05.03 

1. L . t the seq lILn (~ {u ,,} be gi\"c~ll recursivelv by the fornlu la 

Show thnt {a,,} is 1I1UllotUll l' illcrease and bOU1H kd nhove. (1 S poi 11 ts) 

2. 'show (hil t tllc hlll ctiOll 

j.I / ." 1 [0 1 

I (·t:) = . --2 (/ t - - - .-2 dt 


o 1 t ., l + { 

is cOllsLaut for 1: > O. (15 poiuLs) 

3. Prove that 
2I t x· sil1(l/:r) dxl ::; ( t .1.: . sin2 (1/x) cl:J;)1/2 .

.10 .10 
(Hillt:(Ll.lkbJ-Y ~ La~Ll{) (15 points) 

1. Lei: f be cOIltillUUllS un the interval [O,v] \v!Jele I( :r ) + f(b -x') i- 0 on [O,b]. Show 

tlmt 
rb f(x) dx = Q

Jo f(l:) + f(b- :c) , 2' 

(15 points) 

5. Suppose that .f : Il ---> R is continuous aud satisfies 

.f2(t) = 21t f( :; )ds 

fUl I. > O. Sho\,v tllClL ei tlwl f == 0 or there is cL to 2: () such tbat 

f(t) = {t - to , t 2: to , 
0, 0 ::; L ::; to. 

(20 points) 

6. Let f( :r) be bonn led aud contiuuolls on [0, ). Let 

100 U( x ) 
F(t) = .' d]; . 

. 0 /2 + ,7:2 

Find Iimt_ o+ F(t). (20 points) 
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100.05.03 

Time 9:50-11 :00 

Let N, Rand CC denote the set of positive integers, real numbers and complex numbers, repectively. 

I. 	 (10%) Let A be an n x m matrix with entries in lR and let 11/1 denote the 111 x 111 identity matrix. 
Prove that there is an In x 17 matrix B such that BA = 1m if and only if the rank of the matrix i\ 
IS 11l. 

2. 	 (15%) Let V and W be finite-dimensional vector spaces over lR and T : V -7 W be a linear 
transformation. Let V* and W* denote the dual spaces of the vector spaces V and HI, and let 
1'* : W* ~ V* be a linear transformation defined by T*(f) = f 0 1'. Prove that T : V -7 W is 
onto if and only if r :W* -7 V* is one-to-one. 

3. 	 (30%) Lee W be a :ubspace of the set of functions from lR to lR spanned by the set gg = 
{I,eX ,xex ,x2e-t 

}. Let T : W ~ W be a linear transformation defined by 

d 
l' (f) (x) = dxf(x) - f(x). 

(a) (10%) Show that !J1J = {I, ~,xex, x2~} is a linear independent set. 

(b) (5%) Find the matrix representation of T with respect to the basis .q;;. 

(c) (5%) Find the matrix representation of T2 with respect to the basis M. 

(d) (5%) Find a basis for the kernel of T2. 

(e) (5%) Find a basis for the image of 1'2. 

4. 	 (25%) 

(a) (15%) Let V be a finite dimensional vector space over lR with an inner product (, ) . Let 
{WI, W2,· . . , Wk} be an orthonormal basis for a subspace W of V with kEN. For v E V, 
we let II vi i = ~. Fix a vector u EV and define d = inf{ Ilu- wll E lR I wE W} . Prove 
that d = Ilu - (u, WI)WI - (u, W2)W2··· - (u, wk)wkll. 

(b) (10%) Find a,f3 E lR so that 

fan (cosx - ax - (3)2 dx :::; fan (cosx - ax - b)2 clx, for all a, b E R 

5. 	 (20%) Let V be a nnite dimensional vector space over CC with the hermitian inner product 
( , ) . Let gg = { VI ,V2 , ··· ,VIZ} be an orthonormal basis for V. Let T: V ~ V be a linear 
transformation such that {1'(vl) ,T(v2),··· ,T (vll)} is also an orthonormal basis for V. 

(a) (5%) Show that (T(v), T (w)) = (v, w) for all v, wE V. 

(b) (5%) Show that if {W I, W2, ... , HIll} is any orthonormal basis for the vector space V, then 
{1'(wl), T (w2),'" ,T(wn )} is also an orthonormal basis for V. 

(c) 	 00%) Show that 7'1'* = T*T = idv , where idv is the identity map of V and T* is the 
adjoint operator with respect to the hermitian inner product. 
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~1.;t:fJ~ : 11%8i-tk;f~~,{f.f!T~ %~%.l11%jE;f~~~Wt. 100.05.030 

1. 	 (10 poilLLS) L('! / be it Silllpll' fll!lct ion : tnkin' its c1.istinc:( \',t!ucs a" . .. , liN Oil disjoint s('t.'i 
y 

]:;1 ··· · . 1~·.\ . rcsped in'ly. Silo\\" that. /(.1:) = L	 rLi XF,; (x ) is mensllmblt, 011 E = U;:IE; if c1l1d 
i= 1 

only if E\ . ... , '.v (l[ _ rnea.c; l\ m ble. 

:2. 	 (10 poilltS) L ! / : E -. IR u {±oo} b " a nonnegative measurable functioll sllch L1w.t IE f < 
8110\\' t.\tal [Qr any c > 0 thl'H' exists 0 > 0 such that fur nllY lI1easUluLk sul)sc\ E] c E wiLh 
IE11 < (] Wl' h ~we l EI f < £ . 

. 	 ," {f( :t:) if f(:c) < k,
Hmt: For ( ~acll /,; = 1, 2 .. .. , a llu :c E E, dofine tho lunct. lon h(l:) = k 

if ICc) 2 k. 
t\ t that he s q ll It . 0 :::; .h: (.r) / / (:r) Oil E. 

:J. 	 (10 pOillts) L ' .C , /1 :s; 1, saLis(y ill(; following COlHJ iLiullS: fur c<.'Lch .1;, J( .T, y) I( :c, y) . °:::; 
is all intcgraLlc lim 'Lin uf .1/ , and (8)'(.7:, y)/fh:) is a bounded funct.ion of (x: y). Show that 
(a.f(.t: . .v) / D:I:) is a ll a::, urallL' fllll CtiOll of y for each :1: and 

d 	11 l' f)- J( :c, y)dy = -;) /(:7:, y)rly.
dr: 0 	 0 v :l: 

. _ J(x+ l.y) - J(x, y ) .. 
Hint: For ea 'h n = 1, 2, ... : defiue FII (x, y) = 11 1 ,aud dct.cnnlIle hm Fn (x, y). 

-	 IL -00 

" 
4. 	 (10 puints) Let 1>(x), ~r E ]R" h( ~ a bounded measurable fnn ctiolt such tit,,! 1>(."C) = 0 for Ixl 2 1 

and I ~6 = 1. For E> 0, let. cPf (X) = t "cJ;('l:/E). If f E L(IRn), shuw that 

ilt cnch Lebesgue point. .r of J, i. e. x is a point at 	which 

6i~~ I ~I 10 If(y) - f(.T)lrly = 0 is valid. 

Hint: oLe thai limU * cJ;J (.c) = lim r J( J; - y)(p.;( y) eLy and J( 1:) = lim r J(:t) ¢':(y) dy 
t: () £--> 0 JR" 	 {-to JB." 

5. 	 (10 point.::;) Lei I, Ud E £P. Show that if III - /1,. lip -. 0, then Ilfkllp -7 Illllf! ' Conversely, if 
II. -. I a .e. and 11f,.:I!p -. Ilfll]), 1 :s; p < , show that Ilf - Jk lip -7 O. 

Hint : For the converse, .\OU may LIse the following inequalit.y and appl Fatou 's lemma. 
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Work aLIt all o t the proolems and show d tails of' your works. 

1. Let fJ be a primc number and n a positive intcger. 

[6%] (a) Prove that any two groups at order p are isomorphic. 

[5%] (b) Show that it G is a group at order p", then C; has an clement at order p. 

[5%] (c) Show that if G i a group ot order p2, then G is aoclian. 

[5%] 2. (a) Find the centralizers in ,')'7 of the permutation (J = (123)(4567). 


[5%J (b) Giv" a list of representatives ten the conjugacy classes of elements of order 6 in S7. 


3. Lee j : R --7 be a homomorphism ot rights with kernel K and image I. 

[6%J (a) Show mar it N is a sll'hring of R , then f-I (f{N)) = K + N. 

[6%J (0) Show that it L is a subring of ,')', t'hen fU- 1(L)) = 1 n L. 

4. Let F be a field extension of the rational numbers. 

[6%1 (a) Show that the set {a + bJi I (t, b E F} is a ficld . 

[6%] (b) G ive necessary and sufficient conditions for the set L = fa + b ~ I (/, b E Fl to 

be a field. 
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